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Generalized Pauli channels and a class of non-Markovian quantum evolution
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We analyze the quantum evolution represented by a time-dependent family of generalized Pauli
channels. This evolution is provided by the random decoherence channels with respect to the
maximal number of mutually unbiased bases. We derive the necessary and sufficient conditions for
the vanishing back-flow of information.
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I. INTRODUCTION
Recently, much effort was devoted to analyze the non-
Markovian evolution of open quantum systems [1, 2]. The
current state of the art is summarized in recent review
papers [3, 4].
Let us recall that an arbitrary quantum evolution may
be represented by a dynamical map, that is, a fam-
ily of completely positive, trace-preserving maps Λ(t) :
B(H) → B(H) (t ≥ 0) satisfying the initial condition
Λ(0) = 1l (the identity map). Λ(t) maps the initial state
represented by the density operator ρ into the current
state ρ(t) = Λ(t)[ρ]. It is therefore clear that the Marko-
vianity property of quantum evolution is controlled by
certain properties of the corresponding dynamical map
Λ(t). The two most popular approaches are based on
divisibility of the corresponding dynamical map [5, 6]
and distinguishability of states [7]. The map Λ(t) is CP-
divisible iff
Λ(t) = V (t, s)Λ(s) (1)
and V (t, s) is CPTP for all t ≥ s. If V (t, s) is only posi-
tive, Λ(t) is called P-divisible — this property is related
to the Markovianity of classical stochastic evolution [8]
(actually, one may introduce the whole hierarchy of k-
divisible maps, for which V (t, s) is a k-positive map [9]).
Following [5], one calls a quantum evolution Markovian iff
Λ(t) is CP-divisible. Interestingly, this property is fully
controlled by the corresponding time-local generator L(t)
entering the time-local master equation
d
dt
Λ(t) = L(t)Λ(t). (2)
Namely, Λ(t) is CP-divisible if and only if L(t) has
the standard time-dependent GKSL [10] form, L(t)[ρ] =
−i[H(t), ρ] + LD(t)[ρ], with the dissipative part
LD(t)[ρ] =
∑
µ
γµ(t)([Vµ(t), ρV
†
µ (t)] + [Vµ(t)ρ, V
†
µ (t)]),
and γµ(t) ≥ 0. In this case, γµ(t) may be interpreted as
time-dependent decoherence/dissipation rates. A slightly
weaker condition for Markovianity was proposed in [7]:
Λ(t) represents the Markovian evolution iff
d
dt
||Λ(t)[ρ1 − ρ2]||1 ≤ 0 (3)
for any pair of initial states ρ1 and ρ2 (||X ||1 = Tr
√
XX†
denotes the trace norm of X). The above condition is in-
terpreted as no back-flow of information (i.e. no informa-
tion flows from the environment into the system enabling
one to increase distinguishability of states of the system).
The CP-divisibility implies (3), but the converse is not
true [11] (see also recent studies in [12, 13]). Condition
(3) is a special case of a more restrictive condition:
d
dt
||Λ(t)[X ]||1 ≤ 0 (4)
for all Hermitian X ((3) takes into account only traceless
Hermitian operators). It turns out that, as long as Λ(t)
is invertible, condition (4) is equivalent to P-divisibility
[9]. The most appealing feature of condition (3) is its
operational meaning, since ||ρ1 − ρ2||1 measures the dis-
tinguishability of the states ρ1 and ρ2. However, contrary
to the CP-divisibility, condition (3), in general, does not
have a natural interpretation on the level of the time-
local generator L(t).
In this paper, we analyze a special class of dynami-
cal maps Λ(t) — the generalized Pauli channels — and
provide the criteria for its Markovian/non-Markovian be-
haviour. The Pauli channels and their generalizations
[14, 15] proved to be important in many aspects of quan-
tum information theory [16]. The crucial ingredient in
their construction is the set of mutually unbiased bases
(MUBs) [17] (see [18] for the review). Again, there are al-
ready many important applications of MUBs in quantum
tomography [17, 19, 20], quantum cryptography [22, 23],
the mean king’s problem [24, 25], and entropic uncer-
tainty relations [26–28]. Recently, they were used to wit-
ness entangled quantum states [29, 30].
We consider the quantum evolution provided by the
random decoherence channels with respect to the maxi-
mal number of MUBs and derive necessary and sufficient
conditions for no back-flow of information in terms of the
corresponding time-local generator.
II. WEYL CHANNELS AND GENERALIZED
PAULI CHANNELS
The celebrated Pauli channel ΛP :M2(C)→M2(C),
ΛP [ρ] =
3∑
α=0
pασαρσα, (5)
may be easily generalized to the Weyl channel ΛW :
Md(C)→Md(C),
ΛW [ρ] =
d−1∑
k,l=0
pklWklρW
†
kl, (6)
where Wkl are the unitary Weyl operators defined by
Wkl =
d−1∑
m=0
ωmk|m〉〈m+ l|,
with ω = e2pii/d. They satisfy the well-known relations:
WklWrs = ω
ksWk+r,l+s, W
†
kl = ω
klW−k,−l.
Clearly, for d = 2 the Weyl channel simplifies to the Pauli
channel.
Note however, that passing from (5) to (6), one loses
the most characteristic features of the Pauli channel. The
original Pauli channel is Hermitian, that is, Tr(AΛ[B]) =
Tr(Λ[A]B). Hence, it possesses real eigenvalues {λ0 =
1, λ1, λ2, λ3} related to the probability vector pα via
λα = p0 + pα −
∑
β 6=α
pβ (7)
for α = 1, 2, 3. The inverse relation reads
p0 =
1
4
(1 + λ1 + λ2 + λ3) (8)
and
pα =
1
4

1 + λα −∑
β 6=α
λβ

 (9)
for α = 1, 2, 3. Actually, this relation allows one to derive
the well-known Fujiwara-Algoet condition [31, 35–37],
|1± λ3| ≥ |λ1 ± λ2|, (10)
which guarantees that (5) defines a CP map. Note that
the above condition may be rewritten as follows,
− 1 ≤
3∑
β=1
λβ ≤ 1 + 2min
β
λβ . (11)
The Weyl channel (6) is no longer Hermitian for d > 2,
and hence the corresponding eigenvalues are in general
complex [39]. The second important feature of the Pauli
channel is related to the well-known fact that the eigen-
bases of {σ1, σ2, σ3} are mutually unbiased. Let us recall
that two orthonormal bases |ψk〉 and |φl〉 in Cd define
mutually unbiased bases (MUBs) iff for any k and l the
following condition is satisfied:
|〈ψk|φl〉|2 = 1
d
. (12)
Moreover, it is well-known [17] that the number N(d) of
MUBs in Cd is bounded by N(d) ≤ d+ 1 [32]. If d = pr
with p being a prime number, one has N(d) = d+ 1. In
this case, explicit constructions are known [17, 32]. If d =
d1d2, then N(d) ≥ min{N(d1), N(d2)} [33]. Moreover,
Grassl [34] provided a construction of three MUBs in an
arbitrary dimension.
Let us assume that the d-dimensional Hilbert space
admits the maximal number N(d) = d + 1 of MUBs,
{|ψ(α)0 〉, . . . , |ψ(α)d−1〉}, and denote the corresponding rank-
1 projectors by P
(α)
l = |ψ(α)l 〉〈ψ(α)l |. Now, define d + 1
unitary operators
Uα =
d−1∑
l=0
ωlP
(α)
l , (13)
with ω = e2pii/d, and d+ 1 CP maps
Uα[ρ] =
d−1∑
k=1
UkαρU
k†
α . (14)
Note that
Uα = dΦα − 1l, (15)
where
Φα[ρ] =
d−1∑
l=0
P
(α)
l ρP
(α)
l , (16)
is the quantum-classical channel. Channels Φα satisfy
the following properties:
ΦαΦα = Φα, (17)
and for α 6= β we have
ΦαΦβ [ρ] = ΦβΦα[ρ] =
1
d
ITrρ. (18)
The consecutive action of two different channels, Φα and
Φβ , gives rise to the complete depolarization of ρ. There-
fore, it is clear that
Φα1 . . .Φαk [ρ] =
1
d
ITrρ (19)
if there are at least two different α’s in the set
{α1, . . . , αk}. Moreover,
Φα[U
k
β ] = δαβU
k
β ; k = 1, . . . , d− 1. (20)
For d = 2 one has three MUBs:
B1 =
{ |0〉+ |1〉√
2
,
|0〉 − |1〉√
2
}
,
B2 =
{ |0〉+ i|1〉√
2
,
|0〉 − i|1〉√
2
}
,
B3 = {|0〉, |1〉},
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and Uα[ρ] = σαρσα for α = 1, 2, 3. Finally, let us define
the generalized Pauli channel,
ΛGP = p01l +
1
d− 1
d+1∑
α=1
pαUα, (21)
where (p0, p1, . . . , pd+1) is the probability vector. Such
channels were already analyzed in [14] under the name
Pauli channels constant on axes. The crucial property of
ΛGP consists in
ΛGP[U
k
α] = λαU
k
α , k = 1, . . . , d− 1, (22)
where
λα = p0 + pα − 1
d− 1
∑
β 6=α
pβ , (23)
and λ0 = 1 due to the fact that ΛGP is unital, i.e.
ΛGP[I] = I. All the eigenvalues are real and λα are (d−1)
times degenerated (apart from Λ0). The inverse relation
reads:
p0 =
1
d2
(1 + (d− 1)[λ1 + . . .+ λd+1]), (24)
and
pα =
d− 1
d2

1 + (d− 1)λα −∑
β 6=α
λβ

 , (25)
for α = 1, . . . , d+1. From (24)-(25), it is clear that ΛGP
is CP if and only if [14]
− 1
d− 1 ≤
d+1∑
β=1
λβ ≤ 1 + dmin
β
λβ , (26)
which is a direct generalization of (11).
Remark 1 Actually, for prime dimensions one may con-
struct a complete set of MUBs using the Weyl operators.
Fixing the orthonormal basis {|0〉, |1〉, . . . , |d− 1〉} in H,
one introduces X and Z by
X |k〉 = |k + 1〉, Z|k〉 = ωk|k〉, (27)
with ω = e2pii/d. The corresponding Wyel operators read
as follows,
Wkl = X
lZk.
If d is a prime number, then the following set of unitary
operators,
Z, X, XZ, . . . , XZd−1,
gives rise to d + 1 MUBs — these are the eigenbases of
Z and XZk for k = 1, . . . , d − 1. Hence, the eigenbases
of
W01,W10,W11, . . . ,W1,d−1
define d + 1 MUBs. Moreover, if d is prime, any or-
thonormal basis B = {U0 = I, U1, . . . , Ud2−1} in Md(C)
consisting of unitary matrices splits into the following
classes,
B = {I} ∪ C1 ∪ . . . ∪ Cd+1. (28)
Each class Ck contains exactly d−1 mutually commuting
matrices from B [32]. Let us observe that the following
Weyl operators Wαk,αl with α = 1, . . . , d − 1 belong to
the same class of mutually commuting unitary operators.
For example, if d = 3, then one has 4 sets of mutually
commuting matrices among 8 Weyl operators:
{W01,W02} ∪ {W10,W20} ∪ {W11,W22} ∪ {W12,W21}.
Remark 2 The above construction may be generalized if
we replace the commutative subalgebras Ci by the non-
commutative subalgebras Ai of Md(C). One calls two
subalgebras, A1 and A2, complementary iff A1 ⊖ CI and
A2 ⊖ CI are mutually orthogonal with respect to the
Hilbert-Schmidt inner-product [15]. Now, suppose that
Md(C) = CI ∪ A1 ∪ . . . ∪ Ar,
and Ai are mutually complementary. Let Φ : Md(C) →
Ai denote the corresponding CPTP projector. Then, the
map
Φ[ρ] =
(
1−
r∑
i=1
λi
)
I
d
Trρ+
r∑
i=1
λiΦi[ρ],
provides a generalization of the Pauli channel. Such gen-
eralized Pauli channels were analyzed by Petz and Ohno
[15]. In this paper, we consider only the abelian case
corresponding to the commutative algebras Ci, which are
related to the families of MUBs.
III. TIME-LOCAL DESCRIPTION OF
GENERALIZED PAULI EVOLUTION
Now, consider the following time-dependent general-
ized Pauli channel,
Λ(t) = p0(t)1l +
1
d− 1
d+1∑
α=1
pα(t)Uα, (29)
satisfying the time-local master equation
d
dt
Λ(t) = L(t)Λ(t) (30)
with Λ(0) = 1l. The corresponding time-local generator
L(t) has the following form,
L(t) =
N∑
α=1
γα(t)Lα, (31)
where
Lα[ρ] = 1
d
(Uα[ρ]− [d− 1]ρ) . (32)
Again, for d = 2 one can recover the standard generator,
L(t) = 1
2
3∑
α=1
γα(t)[σαρσα − ρ]. (33)
Taking (15) into account, one arrives at the following
simple form:
Lα = Φα − 1l. (34)
The property shown in equation (18) implies that
[Lα,Lβ ] = 0, and hence
Λ(t) =
N∏
α=1
Λα(t) (35)
with
Λα(t) = e
Γα(t)Lα = e−Γα(t)1l + (1− e−Γα(t))Φα (36)
and Γα(t) =
∫ t
0 γα(u)du. Note that
L(t)[Ukα] = µα(t)Ukα, (37)
where µα(t) = γα(t) − γ(t) and γ(t) = γ1(t) + . . . +
γd+1(t). The corresponding time-dependent eigenvalues
of the dynamical map Λ(t) read:
λα(t) = exp[Γα(t)− Γ(t)], (38)
Γ(t) = Γ1(t) + . . . + Γd+1(t). Hence, the generator (31)
gives rise to a CPTP dynamical map if and only if
eΓ1(t) + . . .+ eΓd+1(t) ≤ eΓ(t) + dmin
β
eΓβ(t), (39)
which is a direct consequence of (26) and the fact that
eΓβ(t) ≥ 0.
IV. NON-MARKOVIANITY CRITERIA
The evolution Λ(t), generated by L(t) and defined
in (31), is CP-divisible if and only if γα(t) ≥ 0 for
α = 1, . . . , d + 1. Let us analyze the conditions for P-
divisibility, which are given by
d
dt
||Λ(t)[X ]||1 ≤ 0 (40)
for all Hermitian operators X . Taking X = Uα, one
immediately finds
γ(t)− γα(t) =
∑
β 6=α
γβ(t) ≥ 0, (41)
for α = 1, . . . , d+1. Hence, conditions (41) are necessary
for P-divisibility. It means that the violation of (41) im-
plies that Λ(t) is not P-divisible, and therefore it is also
non-Markovian. For d = 2 these conditions simplify to
γ1(t)+γ2(t) ≥ 0, γ2(t)+γ3(t) ≥ 0, γ3(t)+γ1(t) ≥ 0. (42)
It was shown in [38, 39] that they are necessary and suf-
ficient for P-divisibility. However, for d > 2 these condi-
tions are no longer sufficient.
Let us observe that condition (41) implies that
d
dt
||Λ(t)[X ]||2 ≤ 0, (43)
for all Hermitian X (||X ||22 = TrX†X denotes the Frobe-
nius norm). Indeed, if
X = x0I+
d+1∑
α=1
d−1∑
k=1
xα,kU
k
α,
then
Λ(t)[X ] = x0I+
d+1∑
α=1
λα(t)
d−1∑
k=1
xα,kU
k
α.
Calculating the Frobenius norm, we get
||Λ(t)[X ]||22 = Tr(Λ(t)[X†]Λ(t)[X ])
= d
(
|x0|2 +
d+1∑
α=1
λ2α(t)
d−1∑
k=1
|xα,k|2
)
,
from which it follows that
d
dt
||Λ(t)[X ]||22 = 2d
d+1∑
α=1
λ˙α(t)λα(t)
d−1∑
k=1
|xα,k|2 ≤ 0 (44)
due to λ˙α(t) ≤ 0 and λα(t) ≥ 0. Hence, conditions (41)
imply (43). However, being sufficient for (43), conditions
(41) are not sufficient for (40). Therefore, they do not
guarantee P-divisibility.
The reason why these conditions are not sufficient is
related to the well-known properties of the maps which
are contractions [40, 41]. Let us recall that if Φ is a
trace-preserving map, then Φ is positive if and only if
||Φ[X ]||1 ≤ ||X ||1. Similarly, if Φ is a unital map, then
Φ is positive if and only if ||Φ[X ]|| ≤ ||X ||, where ||X ||
is the operator norm (i.e. ||X || is the maximal singular
value of X). Now, if Φ is positive, trace-preserving, and
unital (bistochastic), then, apart being a contraction in
the trace and operator norm, it is also a contraction in the
Hilbert-Schmidt (or Frobenius) norm ||Φ[X ]||2 ≤ ||X ||2
for all normal X . Indeed, using the Kadison inequality,
Φ[X†X ] ≥ Φ[X†]Φ[X ], (45)
one has
||Φ[X ]||22 = Tr(Φ[X†]Φ[X ]) ≤ Tr(Φ[X†X ])
= Tr(X†X) = ||X ||22. (46)
Note that, in general, the above argument cannot be
reversed: a trace-preserving unital contraction in the
Frobenius norm does not need to be a positive map.
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To derive the sufficient conditions, let us observe that
our generator has the following structure:
L(t) = 1
d
{Φ(t)− 2γ0(t)1l} , (47)
where
Φ(t)[ρ] =
d+1∑
α=1
γα(t)
d−1∑
k=1
UkαρU
k†
α + γ0(t)ρ (48)
and γ0(t) = (d − 1)
∑d+1
α=1 γα(t). We make use of the
following result [42]: let
Φ[ρ] =
d2∑
µ=1
aµVµρV
†
µ , (49)
where Vµ defines an orthonormal basis of unitary opera-
tors in Md(C). Clearly, if for all µ we have aµ ≥ 0, then
Φ is CP. Suppose that a1, . . . , ad−1 ≤ 0. If the remaining
aµ (for µ ≥ d) satisfy
aµ ≥ |a1|+ . . .+ |ad−1|, (50)
then Φ is a positive map. Now, suppose that only a single
γα(t) may be strictly negative for t ≥ 0. Assuming that
γd+1(t) < 0, the above result says: if
γα(t) ≥ (d− 1)|γd+1(t)|, (51)
then Φ(t) is a positive map, and hence Λ(t) is P-divisible.
This condition can be rewritten in a more general way:
γα(t) + (d− 1)γβ(t) ≥ 0 (52)
for any α 6= β = 1, . . . , d + 1. For d = 2 the above
condition reduces to (42). Therefore, it provides another
proof that (42) are both necessary and sufficient. In [39]
it is shown that for the general Weyl generator
LW (t)[ρ] =
d−1∑
k+l>0
γkl(t)[WklρW
†
kl − ρ], (53)
the sufficient condition for P-divisibility of the corre-
sponding dynamical map ΛW (t) = exp(
∫ t
0
LW (τ)dτ)
reads as follows: assuming that at any time not more
than d− 1 rates γα(t) are negative, one has
γα1(t) + . . .+ γαd(t) ≥ 0 , (54)
for any α1, . . . , αd ∈ {1, . . . , d2−1}, where we rearranged
the indices according to (i, j) → α = i + dj. For d = 2
this condition again reproduces (42). Now, in the case of
generalized Pauli channel d2 − 1 rates are grouped into
N(d) = d+ 1 sets of identical d− 1 rates. Hence, only a
single rate may be negative. In this case condition (54)
reduces to (52).
V. EXAMPLE –“ETERNAL
NON-MARKOVIANITY”
In [43], Andersson et. al. provided an example of the
qubit evolution generated by
L(t)[ρ] = 1
2
3∑
α=1
γα(t)[σαρσα − ρ], (55)
where γ1 = γ2 = 1 and γ3(t) = − tanh t. Note that
Γ3(t) = − ln[cosh t] < 0 for t > 0. Nevertheless, condi-
tion (11) is satisfied, and hence the corresponding map,
Λ(t)[ρ] =
1 + e−2t
2
ρ+
1− e−2t
4
[σ1ρσ1 + σ2ρσ2], (56)
is completely positive. Due to the fact that γ3(t) < 0 for
t > 0, the authors of [43] called this evolution “eter-
nally non-Markovian”. Interestingly, being “eternally
non-Markovian”, it satisfies (42), and therefore it is BLP-
Markovian. It turns out [39] that Λ(t) is a convex com-
bination of two Markovian semigroups,
Λ(t) =
1
2
(
e2tL1 + e2tL2
)
. (57)
Consider now (57) with Lα defined in (32). Simple cal-
culations lead to
γ1(t) = γ2(t) = 1 +
d− 2
d
tanh t, (58)
and
γ3(t) = . . . = γd+1(t) = −2
d
tanh t, (59)
which proves that among {γ1(t), . . . , γd+1(t)} one may
have d− 1 γs which are negative. Note, that in terms of
the Weyl channel it means that among d2−1 γs one may
have (d−1)2 negative elements and still Λ(t) is legitimate
dynamical map. Note, that conditions (41) are satisfied.
Indeed, one has
γ1(t) + (d− 1)γ3(t) = 1− tanh t ≥ 0.
Consider now the following convex combination of
Markovian semigroups:
Λ(t) =
1
d
(
edtL1 + . . .+ edtLd
)
= e−dt1l + (1− e−dt)Φ, (60)
where
Φ =
1
d
(Φ1 + . . .+Φd), (61)
that is, Λ(t) is a convex combination of the identity map
and the ‘averaged’ decoherence channel Φ. Now, using
(15) one obtains
Λ(t) =
1
d
{
(1 + [d− 1]e−dt)1l + 1− e
−dt
d
(U1 + . . .+ Ud)
}
.
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One easily shows that the corresponding time-local gen-
erator is defined by γ1 = . . . = γd = 1 and
γd+1(t) = −(d− 1) e
dt − 1
edt + d− 1 , (62)
which reduces to ‘− tanh t’ for d = 2. It satisfies the
necessary conditions (41) but violates the sufficient ones
(52). Numerical analysis shows that it is not P-divisible.
This again proves the fundamental difference between the
qubit and general qudit cases.
VI. CONCLUSIONS
We analyzed a special class of dynamical maps rep-
resented by the generalized Pauli channels. Such evolu-
tion can be realized for d-level quantum systems when
the corresponding Hilbert space Cd admits the maximal
number (N(d) = d+1) of MUBs. We derived both neces-
sary and sufficient conditions for vanishing negative flow
of information which generalize well known conditions
in the qubit case. Contrary to the qubit case (d = 2)
necessary condition is no longer sufficient. Interestingly,
it turns out that among the set {γ1(t), . . . , γd+1(t)} one
may have d−1 γs which are negative and still conditions
(41) are satisfied. This paper clearly shows that even for
relatively simple dynamical maps – as generalized Pauli
channels – the precise characterization of Markovianity
conditions based on the condition (3) is highly involved.
It would be interesting to analyze multi-partite evolu-
tion defined by generalized Pauli channels in connection
to evolution of quantum correlations.
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